The small polaron quantum master equation (SPQME) proposed by Jang et al. [J. Chem. Phys. 129, 101104 (2008)] is a promising approach to describe coherent excitation energy transfer dynamics in complex molecular systems. To determine the applicable regime of the SPQME approach, we perform a comprehensive investigation of its accuracy by comparing its simulated population dynamics with numerically exact quasi-adiabatic path integral calculations. We demonstrate that the SPQME method yields accurate dynamics in a wide parameter range. Furthermore, our results show that the accuracy of polaron theory depends strongly upon the degree of exciton delocalization and timescale of polaron formation. Finally, we propose a simple criterion to assess the applicability of the SPQME theory that ensures the reliability of practical simulations of energy transfer dynamics with SPQME in light-harvesting systems. © 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Excitation energy transfer (EET) is ubiquitous in light harvesting systems: in photosynthetic complexes of plants and algae, energy of solar irradiation is collected through electronic excitation of chlorophylls and transferred to the reaction center to drive subsequent chemical reactions;
1 in organic photovoltaics, photo-excitations of organic molecules migrate through their supporting substrates and after reaching junction interfaces, generate charges that can be collected at the electrodes to supply electricity. 2 One major challenge for theoretical modelling of such processes is the correct assessment of the influence from surrounding environments on electronic excitations. When the system-environment coupling is far stronger than the coupling between excited states of each single chromophores, termed as "electronic coupling," Förster-Dexter theory is an appropriate method to describe EET. For the opposite limit where system-environment coupling is weak, Redfield theory serves as an accurate tool to simulate EET. [3] [4] [5] [6] Despite their simplicity in computation and clarity in the elucidation of photophysical phenomena, recent spectroscopic experiments on photosynthetic complexes and organic materials have indicated that the adequacy of using Redfield or Förster-Dexter theories to describe EET in such systems could be questionable. [7] [8] [9] [10] [11] [12] To remedy their deficiencies, various numerically exact non-perturbative approaches have been proposed and successfully implemented to investigate EET in photosynthetic complexes. [13] [14] [15] [16] [17] [18] [19] [20] Though these non-perturbative methods have a clear advantage in their accuracy, the perturbative approaches still retain particular importance and usefulness in computational efficiency and direct conveyance of physical intuitions. To go beyond the a) Electronic mail: yuanchung@ntu.edu.tw limit of Redfield and Förster theory, Jang et al., [21] [22] [23] and independently Nazir and co-workers, [24] [25] [26] have developed a second-order, time-local, non-Markovian small polaron quantum master equation (SPQME) for coherent energy transfer in molecular systems. In addition, for specific forms of correlations between phonon excitations, Nazir and co-workers have recently developed a variational polaron master equation approach with significantly improved accuracy and range of applicability based on the theory developed by Silbey and Harris. [27] [28] [29] [30] The small polaron quantum master equation is exact at the weak electronic coupling and weak system-environment coupling limits, and it can serve as a bridge between the Redfield and Förster regimes. 31 , 32 SPQME has been successfully utilized to explore the role of environmental fluctuations and correlations of phonon excitations in EET dynamics. 24, 25, 33 It has also been employed in the investigations of vibrational contributions to EET in photosynthetic complexes of cryptophyte algae. 34 However, due to its perturbative nature, the accuracy of SPQME declines in the intermediate coupling regime. For example, comparisons with variational polaron simulations show that when bath relaxation is far slower than electronic energy transfer, small polaron theory largely underestimates coherence in EET dynamics. 28, 35 To utilize SPQME theory for accurate elucidation of physical mechanisms of EET in light harvesting systems, it is crucial to obtain a systematic assessment of its applicability throughout a wide parameter range. Recently, Cao and co-workers have investigated the equilibrium states in the small polaron theory to probe its applicable regime. Their results comply with the variational polaron studies; 36 however, the accuracy of equilibrium structure does not fully stipulate the corresponding properties in perturbative simulations of EET dynamics. In this work, we focus on dynamics and present a comprehensive investigation of the accuracy of SPQME in simulating EET dynamics through comparisons with numerically exact quasi-adiabatic path integral (QUAPI) calculations. 13, 14 With this comprehensive benchmark, we shall also propose a simple criterion to determine the applicable regime of the small polaron theory.
The present work is organized as follows. In Sec. II, we will first review the formalism of SPQME and present a dimer model system for the comparison of EET dynamics simulated by small polaron master equation and QUAPI. The results of comparison will be presented in Sec. III along with discussions about the adequacy of the small polaron theory (SPQME) in various parameter regimes and its underlying physics. Finally, we shall summarize the previous comparison results with a simple criterion for the determination of the regime of applicability of the small polaron theory in Sec. IV.
II. THEORY

A. Small polaron transformation
To study EET in light harvesting systems, we consider a Frenkel exciton model Hamiltonian including the singly excited states of N chromophores coupled to a harmonic bath through bilinear system-bath couplings (¯= 1),
with inverse temperature β = (k B T) −1 . The inclusion of thermally renormalized electronic couplings J ij θ † i θ j back into the zeroth order Hamiltonian is a special feature of the small polaron theory that distinguishes it from non-interacting-blip approximation and Kenkre and Knox's generalized master equation approaches, [40] [41] [42] in which the full renormalized electronic couplings are taken as the perturbation. The thermal-averaged renormalized electronic coupling in the zeroth order Hamiltonian introduces temperature and electron-phonon coupling dependence to the structure of electronic equilibrium density matrix. As a result, the electronic couplings diminish to zero when temperature or electron-phonon couplings are large. This leads to the physical prediction of dynamical localization that the electronic eigenstates are localized at high temperature and strong electron-phonon couplings. 33, 43 The renormalized system-bath coupling,H sb , describes the fluctuations of phonon-dressed electronic couplings. This term is intentionally chosen so that it goes to zero at both the weak electronic coupling and weak electron-phonon coupling limits, i.e., when either J or g goes to zero. 44 Thus, the Hamiltonian can be exactly solved at both the weak electronic coupling and weak electron-phonon coupling limits.
B. Small polaron quantum master equation
The small polaron theory has long been utilized to study exciton migration and charge transport properties in solids, yet previous studies have been focusing on diagonal population transfer. 27, 31, 32, 39 However, recent spectroscopic experiments suggest that quantum coherence plays an important role in EET of photosynthetic complexes as well as organic semiconductors. 8, 9 Motivated by these new empirical discoveries, Jang et al. generalized the small polaron formalism to incorporate off-diagonal dynamics. 6, 21 Following Zwanzig's projection operator formalism, a small polaron quantum master equation (SPQME) of the reduced density matrix in the polaron representation can be derived,
where Tr b {} denotes trace over bath degrees of freedom and ρ eq b is the bath equilibrium density matrix of H b . The time evolution of an operator A(τ ) is defined in the interaction picture of the zeroth Hamiltonian,H 0 =H s +H b .
The first term in the polaron master equation (Eq. (3)) describes coherent dynamics. The second term accounts for the dissipative dynamics induced by system-bath couplings. The last two terms are the inhomogeneous terms which incorporate contributions from non-equilibrium bath dynamics to EET and go to zero after bath reaches thermal equilibrium. 21 The inhomogeneous terms in SPQME (Eq. (3)) contain threetime bath correlation functions which entail significant computational resources in EET simulation. By assuming fast bath relaxation, the inhomogeneous terms can be omitted to yielḋ
In Sec. III, we investigate the accuracy of EET simulations obtained from both master equations with and without inhomogeneous terms (Eqs. (3) and (4), respectively) by comparing the computational results from SPQME with numerically exact QUAPI calculations. Since SPQME is expected to bridge between conventional Redfield and Förster theories, we focus on EET dynamics in the intermediate regime where electronic couplings and reorganization energies are comparable.
C. Dimer model system
The small polaron quantum master equation (Eq. (3)) is general and valid for multichromophoric systems. Yet to illustrate the physical picture for the regime of applicability of the master equation, we confine ourselves to a simple model system with a donor and an acceptor. We define the untransformed system Hamiltonian of the dimer as
where 2 is the energy gap, and J is the bare electronic coupling before polaron transformation.
To treat system-bath couplings, we introduce spectraldensity
where γ is a unit-less electron-phonon coupling constant: γ ii measures the electron-phonon coupling strength on the ith site and γ ij (i = j) describes the electron-phonon coupling strength shared between the ith and j th chromophore. In this article, we consider a super-Ohmic spectral density to treat the system-bath couplings,
where ω c is the cut-off frequency, which we take as the unit of energy in this work (ω c = 1). Note that for Ohmic and sub-Ohmic spectral densities, the renormalized electronic couplings will always be zero regardless of electronphonon coupling strength due to divergence of integral in the Frank-Condon factor θ † i θ j . Thus, for these over-damped baths, the small polaron theory can only describe incoherent dynamics. 28 For simplicity, we consider the bath of the donor and acceptor to be identical and independent throughout this article, i.e., γ ij = γ δ ij .
D. QUAPI simulations
The accuracy of SPQME is investigated by comparing its simulated site population dynamics with numerically exact QUAPI simulations, for which we follow the methods prescribed by Makri and Makarov. 13 For simplicity, we assume that the initial density matrix is the Frank-Condon excitation on site 1 and the interaction between system and bath is switched on at zero time (t = 0),
where ρ eq b,g denotes the equilibrium bath density matrix of electronic ground state.
With the above initial condition, the time evolution of the reduced density matrix of the excitonic system is given by
where the influence functional I takes the form 13, 45
and the definitions of parameters η kk , η * kk can be found in Ref. 13 .
For the numerical scheme of QUAPI, we follow the method detailed in Refs. 14 and 46. Here we should briefly recount their approach in reaching numerical convergence. The propagation of density matrix is exact in Eq. (7) at the limit t → 0. With finite time slice t in practical calculation, numerical convergence should be found by reducing t to a small enough value. On the other hand, to handle the bath correlations in the influence functional, a memory-time window τ m = N t has to be created in which the bath correlations are exactly computed. To reach converged results, the memorytime window should be enlarged by increasing N such that all bath correlations are included. In our calculations, we vary the value N and t for each parameter set individually using this procedure to ensure convergence in all numerical calculations.
III. RESULTS AND DISCUSSIONS
A. Convergence of perturbation expansion
Before we present the comparison between SPQME and QUAPI, we discuss the previously proposed criteria for the accuracy of small polaron methods to guide our evaluation of the applicable regime of SPQME. The accuracy of a perturbative approach should depend upon the magnitude of the perturbative term. For the polaron master equation, Jang has estimated the magnitude of perturbation through the variance of the perturbative termH sb . 22 In a similar fashion, while investigating the Rabi oscillations of a single quantum dot system, McCutcheon and Nazir have proposed an estimation for the applicable regime of their Markovian polaron master equation by considering the magnitude of the fourth-order perturbation term. 47 When the thermal average of perturbative terms are small, the perturbative approach should yield accurate results. Here we will review their considerations and in Secs. III B-III E extend their results to obtain the criteria for the applicability of the small polaron theory. Following Jang's work, we first examine the variance of the perturbative term
where I s is the identity operator of the electronic part and θ † 1 θ 2 is the Frank-Condon factor for the polaronic excited states of site 1 and 2. Equation (8) indicates that we can define a unit-less parameter κ to quantify the magnitude of the perturbation, It should be noted that although the choice of energy unit that makes κ unit-less may seem to be arbitrary, the introduction of cut-off frequency ω c into κ furnishes this parameter with the physical consideration of the time scale of polaron formation, which shall be further discussed in Sec. III B. In this dimer model, the electronic and electron-phonon coupling dependences in κ are separated. For the electronic part, κ is proportional to J, whereas electron-phonon couplings contribute to
2 that is always less than 1. The FrankCondon factor θ † 1 θ 2 depends exponentially upon electronphonon coupling strength γ ,
The small polaron approach should be valid when κ 1. The electron-phonon contribution to the magnitude of perturbation, 1 − θ † 1 θ 2 2 , for the dimer model is plotted in Fig. 1 as a function of the electron-phonon coupling strength γ and inverse temperature β. In intermediate and strong electron-phonon coupling regimes, the electron-phonon contribution approaches 1 and it only decreases to zero at extremely weak electron-phonon couplings. Figure 1 shows that the value of 1 − θ † 1 θ 2 2 is close to unity across a broad parameter regime, and thus the magnitude of parameter κ is dominated by J. Hence, according to this criterion, SPQME should yield accurate results when J/ω c < 1 or when electronphonon coupling is extremely weak. Furthermore, noticing that 1 − θ † 1 θ 2 2 is not sensitive to γ and temperature in the parameter regime studied in this work (Fig. 1) , we conclude that κ alone does not provide a sensitive criterion for the applicability of the SPQME method.
To probe the convergence of the perturbation series, one can also compare the magnitude of the second order QUAPI SPQME SPQME-noI QUAPI SPQME SPQME-noI
Comparison of population dynamics simulated by SPQME and QUAPI in weak electron-phonon coupling regime (γ = 0.2/π and k B T = 0.5ω c ). The EET dynamics simulated by full SPQME (Eq. (3)) is denoted by "SPQME" in legend and the master equation without inhomogeneous terms (Eq. (4)) is denoted by "SPQME-noI". In (a)-(c), is set to 0.5ω c and each with J/ω c = 0.5, 1, and 2. In (d), we calculate with = 2ω c and J/ω c = 1 to probe the influence of energy gap on the accuracy of SPQME simulation.
perturbation term with that of the next order term. 47 Since the third order term is zero because H sb b = 0, we calculate the fourth order perturbation H 4 sb b ,
The electron-phonon contribution 1 − θ † 1 θ 2 4 approaches unity more rapidly than its second-order counterpart due to faster decay contributed by the exponent on Frank-Condon factor, and therefore the value of J determines the magnitude of the fourth order perturbation term. From the preceding analyses, the convergence behaviour deduced from second and fourth order perturbation terms is the same, because the magnitudes of both terms are dominated by electronic coupling J. Regarding the electron-phonon coupling contribution, the magnitude of perturbative term only reaches a small value at the weak electron-phonon coupling limit. In addition, the magnitude of perturbation at a fixed J value is raised to maximum at strong electron-phonon coupling limit. This contradicts the conventional wisdom that the polaron basis should become the optimal representation for the excited states and the small polaron approach should become exact at the strong electron-phonon coupling limit. 27, 28, 35, 36 We shall further investigate this point in Sec. III C.
B. Bath relaxation and coherence
Aside from the magnitude of perturbation, the timescales of bath relaxation and resonant energy transfer also have significant impact on the accuracy of the polaron approach. 28, 36, 47 In the polaron representation, the exciton is always accompanied by its induced bath polarization, which suggests that the polaron approach is applicable when the rate of the induction of bath polarization is faster than, or similar to, the changes of population on a single chromophore. When bath relaxation is slower than changes in site population, the polaronic states do not form an appropriate basis for simulations of EET dynamics. 28, 35, 36 In general, the transfer of site population can be characterized by an oscillating coherent part and an exponential population decay in the Markovian limit. When coherent dynamics dominates, the site population oscillates with a frequency determined by the exciton energy gap (Figs. 2(a)-2(c) ), which is given by 2 √ 2 + J 2 in the dimer model. Furthermore, the bath relaxation time is inversely proportional to the cut-off frequency ω c . 47, 48 To examine the applicability of the SPQME method, we have performed a comprehensive benchmark of the SPQME theory against the QUAPI approach. A few representative examples are shown in Fig. 2. In Figs. 2(a)-2(c) , we compare SPQME with numerically exact QUAPI calculations for a
, SPQME performs extremely well in a broad parameter regime: at the fast bath limit (Fig. 2(a) , J/ω c = 0.5), EET dynamics obtained from the small polaron theory and QUAPI agree excellently; as the exciton energy gap becomes larger and comparable to the bath cut-off frequency (Fig. 2(b) , J/ω c = 1), SPQME still reproduces the exact results. However, SPQME underestimates the amplitude of coherent oscillations and the timescale of decoherence when exciton energy gap far exceeds the bath cut-off frequency (Fig. 2(c) , J/ω c = 2). In this regime, the bath relaxes much slower than the coherent EET dynamics. Whereas the small polaron theory enforces a full displacement of bath coordinates to excited state vibrational equilibrium, the slow bath relaxation renders the "undisplaced," or "partially displaced" representations more appropriate for the description of dynamics. Choosing the small polaron representation, or full displacement of bath coordinates in the slow bath regime over-dresses the electronic couplings, which results in the underestimation of exciton delocalization and coherence that has already been shown in variational polaron studies. 28, 30, 35, 36 The performance of small polaron theory under various electronic couplings shows that the magnitude between exciton energy gap and bath cut-off frequency provides an indicator of the accuracy for SPQME in the coherent regime. With such physical picture in mind, we arrive at a criterion for the applicable regime of the small polaron theory
When the electronic parameters satisfy such inequality, SPQME should yield excellent results. In addition, because energy gap should be small compared to electronic coupling in the coherent regime, we can omit in the above expression and obtain a simpler form,
This simplified expression coincides with the estimation deduced from the magnitude of perturbation (κ ∼ J/ω c 1) as discussed in Sec. III A.
Through the previous comparisons we demonstrate that the performance of SPQME depends strongly upon the ratio between bath cut-off frequency and exciton energy gap when coherent EET dynamics dominates. However, as exciton transfer becomes incoherent due to the increase of site energy gap or electron-phonon couplings, the timescale of EET dynamics cannot be characterized solely by the exciton energy gap that determines coherent oscillation frequency. As a result, the relationship between bath cut-off frequency and exciton energy gap no longer serves as a suitable indicator for the performance of SPQME. In our benchmarks, we found that for an incoherent system that exhibits exciton energy gap much larger than bath cut-off frequency, SPQME may produce accurate results. In Fig. 2(d) , we show the simulated dynamics with large site energy gap ( = 2ω c and J/ω c = 1). The coherent oscillation in Fig. 2(d) is suppressed by the large site energy gap and the exponential population decay becomes prominent. Figure 2(d) shows that when EET becomes incoherent, small polaron theory still provides accurate dynamics even though the exciton energy gap exceeds the bath cut-off frequency.
In a more extensive comparison (data not shown), we found that such improvement of accuracy for large site energy gap ( /J > 1) is universal when the dynamics is overlydamped. As energy transfer becomes incoherent, the applicable regime of small polaron theory spans well out of the bound estimated by criteria ψ and ψ (Eqs. (10) and (11)), since the strongly oscillatory dynamics in coherent regime is reduced to slow population decay. The change of behaviour in population transfer from fast oscillation to slow exponential decay allows longer timescale for polaron formation, which extends the applicable regime of the small polaron theory. The transition to incoherent regime can be achieved by the increase of energy gap, temperature, or electron-phonon coupling strength. In Secs. III C-III D, we shall explore the other factors that controls the coherence of the system: the electronphonon coupling strength and temperature.
C. Electron-phonon couplings
The performance of the small polaron theory strongly depends on the strength of electron-phonon couplings, which has been the subject of many studies. 28, 35, 36 In Sec. III B, we have investigated the validity of SPQME in the weak electronphonon coupling regime (Fig. 2) . In the strong electronphonon coupling regime, excitations are accompanied by strong distortion of surrounding vibrations, rendering the small polaron picture an appropriate representation to describe EET dynamics. 27, 28, 35, 36 However, the performance of SPQME in the intermediate coupling regime has not been fully explored. In this section, we investigate the applicability of SPQME across the whole range of electron-phonon couplings and present a few representative examples.
In our benchmark against QUAPI, we found that at the fast bath limit (ψ < 1), SPQME provides reasonable results regardless of electron-phonon parameters. Figure 3 demonstrates that small polaron theory can bridge between the weak and strong electron-phonon coupling limits: from weak ( Fig. 3(a) , γ = 0.2/π ) to strong (Fig. 3(c) , γ = 2/π ) electron-phonon couplings, population dynamics simulated by SPQME corresponds nicely with QUAPI results. Though SPQME does not reproduce the exact short-time dynamics in the intermediate electron-phonon coupling regime (Fig. 3(b) ), it still yields accurate decoherence time and population relaxation time. Note that the inhomogeneous term contribution affects the early-time dynamics in this case, implicating that the bath memory effects neglected by the time-local SPQME approach could explain the discrepancy in the short-time dynamics.
In contrast, when electronic coupling is strong, i.e., slow bath (ψ > 1), the accuracy of the SPQME approach declines. Figure 4 displays the dynamics in the slow bath regime (ψ = J/ω c = 2) with various electron-phonon coupling strengths. At weak electron-phonon coupling (Fig. 4(a) ), coherent dynamics is dominant and SPQME significantly underestimates the decoherence time and the amplitude of coherent oscillations. However, when electron-phonon couplings QUAPI SPQME SPQME-noI are strong, the applicable range of the small polaron theory expands into the slow bath region (Fig. 4(c) ). The increase of electron-phonon couplings suppresses coherence, making the site-localized basis a suitable representation for describing energy transfer dynamics. Therefore, the small polaron theory is suitable for describing the incoherent population decay at the strong electron-phonon coupling limit.
The performance of SPQME at the weak electronphonon coupling limit can be characterized by the parameter κ, which includes the estimation of applicability of SPQME through electronic parameter ψ (Eq. (11)). κ approaches zero as electron-phonon coupling strength reduces to zero, where the small polaron theory is exact. However, κ cannot describe the extension of applicability of the small polaron theory to the strong electron-phonon coupling limit, where SPQME still yields accurate results (Fig. 4(c) ) even if κ > 1. The failure of identifying the applicability of SPQME with κ at strong electron-phonon coupling limit can be understood by the localization of exciton states and introduction of reorganization energy. At such limit, dynamical localization dominates EET dynamics which is manifested by the renormalization of electronic couplings in the small polaron theory. 33 As the exciton states are localized by strong phonon scattering, the site-localized basis becomes an appropriate framework to describe EET. Furthermore, as reorganization energies dominate the Hamiltonian, taking electronic coupling J as perturbation becomes adequate, which leads to Kenkre and Knox's generalized master equation approach and Förster theory. 42 As shown by Kenkre, that the small polaron theory and the generalized master equation approach are exactly equivalent at strong electron-phonon coupling limit, 49 the applicability of SPQME in such regime is justified. From these discussions, we demonstrate that the localization of exciton states is also an important factor affecting the performance of the small polaron theory. To incorporate such effect, we should seek a more general criterion for the applicability of SPQME, which will be introduced in Sec. III E.
D. Temperature effects
The dependence of the accuracy of SPQME upon temperature is similar to its counterpart on electron-phonon QUAPI SPQME SPQME-noI coupling strength. At the high temperature limit, the FrankCondon factor θ † 1 θ 2 becomes zero and such behaviour is identical to the reduction of renormalized electronic coupling at strong electron-phonon coupling limit. At high temperatures, electronic excitations are strongly scattered by the thermally excited phonons and therefore the polaron representation is expected to be an excellent framework to describe EET dynamics. 35, 43 The improvement of accuracy of SPQME with increasing temperature is shown in Figs. 5(b) and 5(c). Clearly, the small polaron theory underestimates coherence in Fig. 5(b) (k B T = 2ω c ) , but is able to reproduce the exact result at a higher temperature (Fig. 5(c), k B T = 10ω c ) .
At low temperatures, we observe a general improvement in the accuracy of SPQME in the fast bath regime. Comparing Fig. 5(a) with Fig. 5(b) or Fig. 2(a) with Fig. 3(a) , we see that SPQME performs better as the temperature decreases. This phenomenon can be understood by considering the magnitude of perturbation. Because κ is minimized as temperature goes to zero, the outcome of SPQME calculations should approach the numerically exact results with respect to the lowering temperature.
The enhancement of the accuracy of SPQME at low temperature is nevertheless limited by the electronic parameters and electron-phonon coupling strength. At low temperatures, thermal excitations of environmental phonons are inhibited and the performance of polaron master equation is controlled by electronic parameters and electron-phonon couplings. Consequently, the dynamics simulated in slow bath and coherent regime (Fig. 2(c) ) gains no improvement at low temperatures.
E. Criterion for the regime of applicability
From the comprehensive comparisons of population dynamics simulated by the SPQME approach and the numerically exact QUAPI method in both the coherent and incoherent regimes, we observe two different trends: first, in the coherent regime the SPQME approach yields excellent results when the ratio between the exciton energy gap and bath cutoff frequency, ψ or ψ , is small. This is the fast bath condition described by Eqs. (10) and (11), and is also captured by considering the magnitude of perturbation κ < 1 (Eq. (9)). Second, in the incoherent regime SPQME generally yields accurate results. However, since κω c /J goes to unity in the strong electron-phonon coupling regime and ψ does not contain an electron-phonon coupling contribution, we should seek another indicator to describe the accuracy of the SPQME approach in the incoherent regime.
The transition from coherent to incoherent dynamics is strongly related to the localization of excitons, which can be determined by delocalization length taken as the inverse participation ratio of the polaron states. 50 For a dimer system, the delocalization length L spans from 1, where eigenstates are completely localized, to 2, the uniformly delocalized state. In the Appendix A, we give the expressions for the delocalization length L of polaronic states. We take √ L − 1 that is confined between 0 and 1 and multiply it by the magnitude of perturbation κ to obtain an estimation φ for the applicability of SPQME under both the coherent and incoherent conditions:
This criterion incorporates the estimation for the degree of coherence as well as the ratio between exciton energy gap and bath cut-off frequency. Equation (12) shows that φ is small when the exciton is localized or when the bath relaxation is fast, and therefore we expect it to describe both two trends we observed in the comprehensive comparisons of SPQME and QUAPI. In Figs. 6(a)-6(c), we plot φ as a function of electronic coupling J/ω c and electron-phonon coupling strength γ for several site energy gaps and temperatures. These diagrams present a clear assessment for the applicable regime of the SPQME approach. In addition, we label the parameters of the representative examples shown in Figs. 2 to 4 as points on the diagrams to facilitate observation of correlation between the magnitude of φ values and the dynamical comparisons between SPQME and QUAPI. The behaviour of φ completely agrees with our dynamical comparison results. As shown in Figs. 6(a)-6(c) , φ is small when J/ω c < 1, consistent with the observation that SPQME yields accurate EET dynamics under fast bath conditions. In the slow bath regime (J/ω c > 1), φ is large at small electron-phonon couplings and goes to zero as the electron-phonon coupling strength γ increases, reflecting that EET dynamics becomes polaronic with the increase of electron-phonon couplings. Comparing Figs. 6(a) with 6(b) and 6(c), φ diminishes with the increase of site energy gap and temperature, in accordance with our dynamical comparisons showing that the increase of site energy gap and temperature expands the applicable regime of SPQME (Figs. 2(d) and 5). As a result, φ summarizes all our findings in benchmarking SPQME against QUAPI in a broad parameter regime. In general, we found that SPQME yields excellent results when φ < 0.5. Though φ provides an excellent criterion for the accuracy of SPQME, its value depends on the form of the spectral density and may not be easily calculated. To reach an expression that can be easily evaluated, we introduce further approximations: first, we only consider the intrinsic parameters of the system, i.e., site energy gap , electronic coupling J, and electron-phonon coupling constant γ . Second, we approximate the Frank-Condon factor θ † 1 θ 2 with an exponential function of γ : θ † 1 θ 2 ∼ e −γ , which preserves the electronphonon contribution to exciton delocalization. With these approximations, the delocalization length factor √ L − 1 can be approximated as
at the incoherent limit (see the Appendix A). The approximated expression yields a simple inequality for the applicable regime of SPQME that can be easily calculated:
In the coherent regime, the above expression reduces to the relation J/ω c < 1. In the incoherent regime, the expression goes to zero with increasing energy gap and electron-phonon couplings, or with diminished J. We plot φ in Fig. 6(d) .
Comparing with Fig. 6(a) , we show that Eq. (14) can semiquantitatively approximate Eq. (12) at the low temperature limit. In addition to the applicable regime of SPQME, we note that in the parameter regimes for most light-harvesting systems where both electronic couplings and reorganization energies are comparable with bath frequencies, our comparisons show that the contributions of inhomogeneous terms are negligible. Though the full SPQME generally improves accuracy in short-time dynamics, the difference between the results from Eqs. (3) and (4) is small. The insignificance of the inhomogeneous terms in our comparisons can be understood by the nature of non-equilibrium dynamics, which becomes important when bath relaxation is extremely slow or when the reorganization energy is huge so that the initial FrankCondon excitation is far from the excited-state bath equilibrium. Since we only consider regimes of comparable electronic couplings, reorganization energies and bath frequencies, non-equilibrium effects play a minor role in the EET dynamics.
IV. CONCLUSION
In this work, we have investigated the accuracy of EET dynamics simulated by the SPQME approach through comparisons with numerically exact QUAPI results. From the comprehensive benchmark, we confirm that SPQME exhibits a wide applicable range in simulations of EET dynamics. Specifically, SPQME performs accurately in the incoherent regime where electron-phonon couplings are large and the coherent, fast bath regime where the bath relaxation is rapid. Moreover, through the particular choice of the perturbation term, the small polaron theory is also exact at the weak electron-phonon coupling limit.
With the comprehensive comparisons, we conclude that the accuracy of the small polaron theory is determined by the degree of coherence and the ratio between the exciton energy gap and bath cut-off frequency. In the incoherent regime, EET is dominated by phonon-mediated dissipation and the polaron framework becomes a natural representation to describe EET dynamics. 33 When coherent dynamics dominates, the interplay of coherent oscillation and bath relaxation (polaron formation) controls the accuracy of SPQME. When bath relaxation is faster than coherent oscillation, polaron representation is capable of describing EET dynamics accurately. When bath relaxation is slower than the electronic dynamics, the small polaron theory underrates coherence due to the overdressing in the small-polaron ansatz. 28, 35, 43 Our dynamical comparisons are consistent with the investigations of equilibrium properties of the small polaron theory in Ref. 36 , yet we have extended the conclusions to dynamical behaviours and revealed the importance of the coherence factor.
Incorporating these factors, we have proposed simple parameters φ and φ to estimate the applicable regime of SPQME. We have demonstrated that φ and φ successfully summarize the applicable regimes of the SPQME approach. We believe our investigations in this work not only provide a reliable assertion of the applicable range of the small polaron theory for its applications to EET dynamics in molecular systems, but also reveal the nature of EET dynamics in broader parameter regimes. Our results also indicate that exciton delocalization length and bath relaxation time are two key factors affecting the accuracy of the small polaron method.
As an additional note, our proposed criterion should be relevant to other polaronic theories. For example, in the development of reduced density matrix hybrid approach, Berkelbach et al. found a similar criterion (J < ω c ) for the applicable regime of NIBA. 51 Besides, they discovered that semiclassical Ehrenfest method performs well in the opposite regime (J > ω c ). These findings could serve as a useful insight to guide future improvements of the small polaron theory or developments of novel theoretical methods for EET dynamics that could complement the SPQME approach. ACKNOWLEDGMENTS Y.C.C. thanks the National Science Council, Taiwan (Grant No. NSC 100-2113-M-002-008-MY3), National Taiwan University (Grant No. 101R891305), and Center for Quantum Science and Engineering (Subproject: 101R891401) for financial support. We are grateful to Computer and Information Networking Center, National Taiwan University for the support of high-performance computing facilities. We are also grateful to the National Center for HighPerformance Computing for computer time and facilities.
APPENDIX: APPROXIMATION FOR DELOCALIZATION LENGTH
The delocalization length L of an exciton state is taken as the inverse participation ratio of its exciton wave function. In the dimer model system, the delocalization length of the two electronic eigenstates are the same and can be expressed as Since x/y goes to zero as the dynamics becomes incoherent (γ → ∞, → ∞, or J → 0), at the incoherent limit √ L − 1 can be simplified as
Omitting the Frank-Condon factor in denominator since the remaining terms can already approximates the coherent to incoherent behaviour of delocalization, we obtain (L − 1)
Approximating the Frank-Condon factor with e −γ , the above expression leads to Eq. (13) .
